The purpose of the present note is to review and improve the convergence of the renormalized winding fields introduced in [2] and [1] .
We consider a bounded open subset of the plane, denoted D. We denote by D R the disc of radius R centered at 0. For any point x in D, let j x be a uniformizing map mapping D onto D 1 and x to 0 and for δ ă 1, by Bpx, δq the pullback of D δ in D. The σ´finite measure µ on the set of Brownian loops and the Poisson process of Brownian loops are defined in the same way as Lawler and Werner "loop soup" (Cf [5] ). More precisely, denoting by dA the area measure, µ " ş Almost surely, for a given x, the loops of L α do not visit x. We denote by n x plq the winding number around 0 of the pullback of a loop l in L α . As the Brownian loops, as Brownian paths, have vanishing Lebesgue measure, n x plq is defined almost everywhere in x, almost surely. Let β denote any r0, 2πq-valued function defined on D. Let h be any bounded function with compact support in D. For any δ ă 1, define
The winding field W β,α phq is defined as follows: 
This result was established in [3] , with reference to [12] . Let us outline briefly its proof, for the convenience of the reader: In polar coordinates, a well known consequence of the skew-product decomposition of the Brownian bridge measure is that
in which ρ s denotes a Bessel(0) bridge from |z| to |z| and q t the Bessel(0) transition kernels semigroup. It follows from Feynman-Kac formula and Bessel differential equation that this expression equals e´| z| 2 I |u| p|z|q As the the Dirac measure at 2πn is the Fourier transform of e´i 2πnu , we get that for any r ą 0
From this, as observed by Yor in [12] , using the expression of the modified Bessel function I |u| as a contour integral, we obtain that:
Hence, integrating with respect to 2πrdr,
As observed in [3] , the final result follows from a residue calculation yielding telescopic series.
To prove this lemma, we use the zeta regularisation method, which, in this context, allows to introduce a T plq s factor under µ R , and let s decrease to zero. (T plq denoting the loop time length).
From lemma 1, for η arbitrarily small, we can choose ǫ ą 0 such that for
q for ǫ and s small enough.
To prove that 
pz, zqdApzq, denoting by P R t px, yq the heat kernel on the disc of radius R. It follows from Weyl asymptotics that this trace can be bounded by Ce´λ 0 t t, λ 0 denoting the ground state eigenvalue on D R and C a positive constant. The result follows as the resulting gamma density converges to zero on rǫ, 8q and this concludes the proof of the second lemma.
Lemma 3 EpW
This result follows by bounded convergence from lemma 2 and from the Fourier series identity ř 8
To complete the proof of the theorem, remark first that it follows from the independence property of a Poisson point process that for δ n decreasing to 0, and for any x, is a martingale with independent multiplicative increments. We denote it by Z βx,α n,x . Hence, the martingale property of the integral ş D hpxqZ n,x dApxq is obvious. To show the convergence, we need a uniform bound on its L 2p norm, for any integer p ě 1. Given 2p distinct points x l in a compact K Ă D supporting h, for δ l,n ă δ l,0 " supptǫ, Bpx l , ǫq X Bpx k , ǫq " Ø for any k ‰ luq decreasing to zero, all Bpx l , δ l,0 q are disjoint and the product ś lď2p δ´α with I " ş ş D 2 dpx 1 , x 2 q´α {2 dApx 1 qdApx 2 q, which proves the L 2 and a.s. convergence.
More generally, for any integer p ą 1, the 2p-th moment Ep| ş
To see this expression is finite for α ă 4, we will consider only the case p " 2 as the general proof is similar. The term with highest singularity comes from the case where, up to a permutation, the smallest distances are dpx 1 , x 2 q and dpx 3 , x 4 q. Then the integral on that sector of D 4 can be bounded by pIq 2 . In the other cases, i.e. when, up to a permutation, the smallest distances are dpx 1 , x 2 q, dpx 3 , x 1 q and dpx 4 , x 1 q, or dpx 1 , x 2 q, dpx 3 , x 1 q and dpx 4 , x 2 q, the integral on the corresponding sector can be bounded by C 2 I, with C " sup xPK ş D dpx, yq´α {4 dApyq.
Remarks:
1) It can be shown that the martingales Z βx,α n,x do not converge, consequently, W β,α phq is a generalized field. The class of test functions h can actually be extended to integrals of delta functions along a smooth curve segment if α ă 4.
2) It follows from theorem 7 in chapter 9 of [6] (see also the Markov property in [13] ) that the discrete analogue of W β,α verifies reflection positivity for α " 1, 2, or 3 in case D is invariant under some reflection. This property should extend to the Brownian case.
